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MANIN TRIPLES OF 3-LIE ALGEBRAS INDUCED BY INVOLUTIVE
DERIVATIONS
SHUAI HOU AND RUIPU BAI
Abstract. For any n-dimensional 3-Lie algebra A over a field of characteristic zero with an in-
volutive derivation D, we investigate the structure of the 3-Lie algebra B1 = A⋉ad∗ A
∗ associated
with the coadjoint representation (A∗, ad∗). We then discuss the structure of the dual 3-Lie alge-
bra B2 of the local cocycle 3-Lie bialgebra (A ⋉ad∗ A
∗,∆). By means of the involutive derivation
D, we construct the 4n-dimensional Manin triple (B1 ⊕ B2, [·, ·, ·]1, [·, ·, ·]2, B1, B2) of 3-Lie alge-
bras, and provide concrete multiplication in a special basis Π1 ∪Π2. We also construct a sixteen
dimensional Manin triple (B, [·, ·, ·]) with dim B1 = 12 using an involutive derivation on a four
dimensional 3-Lie algebra A with dim A1 = 2.
1. Introduction
The notion of n-Lie algebras was introduced by Filippov in [12], which are closely related to
the fields of mathematics and physics, and the algebraic structure of n-Lie algebras corresponds
to Nambu mechanics [14, 8, 21, 1]. In particular, as a special case of n-Lie algebras, 3-Lie
algebras are extensively studied because they play a significant role in string theory and M-
theory [7, 13, 2, 20, 15]. For example, the basic model of Bagger-Lambert-Gustavsson theory
is based on the structure of metric 3-Lie algebras, and the Jacobi equation of 3-Lie algebras is
the foundation for defining the N = 8 supersymmetry action.
Lie bialgebras have widespread applications in geometry and physics. The structure of Lie
bialgebras is very important since it contains coboundary theory, which makes the structure of
Lie bialgebras relate to the classical Yang-Baxter equation [16]. In general, a Lie bialgebra is
actually a vector space endowed with a Lie algebra structure (A, [·, ·]) and a Lie coalgebra struc-
ture (A,∆) (where ∆ : A → ∧2A is the comultiplication) satisfying the compatibility condition
which is proposed based on the Hamitonian dynamics and Poisson Lie groups [10, 11, 19, 17].
In [3, 4], the authors studied 3-Lie bialgebra structures and Manin-triple for 3-Lie algebras.
In this paper, we mainly study the structure of 3-Lie algebras with involutive derivations.
By means of an involutive derivation of an n-dimensional 3-Lie algebra A, we construct a 4n-
dimensional Manin triple (B1 ⊕ B2, [·, ·, ·]1, [·, ·, ·]2, B1, B2) of 3-Lie algebras, and study its
structure. We also construct a 16-dimensional Manin triple (B, [·, ·, ·]) of 3-Lie algebras by
means of an involutive derivation D on a four dimensional 3-Lie algebra A with dimA1 = 2,
which is a 16-dimensional 3-Lie algebra with dim B1 = 12.
The paper is organized as follows. In section 2, we recall some elementary facts on 3-Lie
algebras, and give the description of the semi-direct product 3-Lie algebras associated with
the coadjoint representations of 3-Lie algebras which have involutive derivations. In section 3,
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by means of involutive derivations, we construct a class of local cocycle 3-Lie bialgebras. In
section 4, based on the coadjoint representations of semi-direct product 3-Lie algebras and the
dual structures of the 3-Lie coalgebras, we construct a class of Manin triples and Matched pairs
of 3-Lie algebras.
In the paper, we suppose that all algebras and vector spaces are over a field F of characteristic
zero, and for a subset S of a vector space V , we use 〈S 〉 to denote the subspace of V spanned
by S .
2. The semi-direct product 3-Lie algebra A ⋉ad∗ A
∗
First we recall the notion of 3-Lie algebras with involutive derivations.
A 3-Lie algebra is a vector space A with a linear multiplication (or 3-Lie bracket) [·, ·, ·] :
∧3A → A satisfying
(1) [x1, x2, [x3, x4, x5]] = [[x1, x2, x3], x4, x5] + [x3, [x1, x2, x4], x5] + [x3, x4, [x1, x2, x5]],
for ∀xi ∈ A, 1 ≤ i ≤ 5.
A derivation D of a 3-Lie algebra A is a linear map D : A → A satisfying,
(2) D([x1, x2, x3]) = [D(x1), x2, x3] + [x1,D(x2), x3] + [x1, x2,D(x3)],∀x1, x2, x3 ∈ A.
In addition, if D2 = Id, then D is called an involutive derivation on A.
Thanks to (1), for ∀x1, x2 ∈ A, the left multiplication
adx1x2 : ∧
2A → gl(A)
defined by
(3) adx1x2 x = [x1, x2, x], ∀x ∈ A,
satisfies
(4) adx1x2[x3, x4, x5] = [adx1x2 x3, x4, x5] + [x3, adx1x2 x4, x5] + [x3, x4, adx1x2 x5],
which is called an inner derivation.
Let A be an n-dimensional 3-Lie algebra with an involutive derivation D. Then A has a
decomposition
(5) A = A1 +˙ A−1,
where A1 = {x ∈ A | Dx = x} and A−1 = {x ∈ A | Dx = −x}, and there is a basis {x1, · · · , xn} of
A such that x1, · · · , xs ∈ A1, and xs+1, · · · , xn ∈ A−1.
Lemma 2.1. Let A be a finite dimensional 3-Lie algebra with an involutive derivation D. Then
(6) [A1, A1, A1] = [A−1, A−1, A−1] = 0,
(7) [A1, A1, A−1] ⊆ A1, [A1, A−1, A−1] ⊆ A−1.
Proof. Apply Theorem 4 in [5]. 
A representation (or an A-module)[18] of a 3-Lie algebra A over a field F is a pair (V, ρ),
where V is a vector space over F, and ρ is an F-linear map ρ : ∧2A → gl(V) satisfying, for
∀x1, x2, x3, x4 ∈ A,
(8) [ρ(x1, x2), ρ(x3, x4)] = ρ([x1, x2, x3], x4) + ρ(x3, [x1, x2, x4]),
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(9) ρ([x1, x2, x3], x4) = ρ(x1, x2)ρ(x3, x4) + ρ(x2, x3)ρ(x1, x4) + ρ(x3, x1)ρ(x2, x4).
There is an equivalent description for an A-module, that is, (V, ρ) is an A-module if and only
if (A ⊕ V, µ) is a 3-Lie algebra, where µ : (A ⊕ V)3 → A ⊕ V , for all x1, x2, x3 ∈ A, v ∈ V ,
µ(x1, x2, x3) = [x1, x2, x3], µ(x1, x2, v) = ρ(x1, x2)v, [A,V,V] = [V,V,V] = 0.
The 3-Lie algebra (A⊕V, µ) is called the semi-direct product 3-Lie algebra of A associated with
(V, ρ), which is denoted by A ⋉ρ V. [9]
Let (A, [·, ·, ·]) be a 3-Lie algebra. Thanks to (3) and (4), (A, ad) is a representation, where ad :
∧2A → gl(A), for all x1, x2 ∈ A, ad(x1 ∧ x2) = adx1x2 , which is called the adjoint representation
of A. The dual representation (A∗, ad∗) of (A, ad) is called the coadjoint representation, where
ad∗ : ∧2A → gl(A∗) is defined by
(10) 〈ad∗x1x2 x
∗
c, xt〉 = −〈x
∗
c, adx1x2 xt〉, ∀x1, x2, xt ∈ A, x
∗
c ∈ A
∗.
The semi-direct product 3-Lie algebra (A ⋉ad∗ A
∗, µ) associated with (A∗, ad∗) is denoted by
B1. Then for all xi ∈ A, x
∗
i ∈ A
∗, 1 ≤ i ≤ 3,
(11) µ(x1 + x
∗
1, x2 + x
∗
2, x3 + x
∗
3) = [x1, x2, x3] + ad
∗
x1 x2
x∗3 + ad
∗
x3 x1
x∗2 + ad
∗
x2x3
x∗1.
For describing the structure of the semi-direct product 3-Lie algebra (A ⋉ad∗ A
∗, µ), we need
the structural constant in a basis of the 3-Lie algebra A.
Let A be a 3-Lie algebra with a basis {x1, · · · , xn}, and let {x
∗
1, · · · , x
∗
n} be the dual basis of the
dual space A∗, that is,
(12) 〈xi, x
∗
j〉 = δi j, 1 ≤ i, j ≤ n.
Suppose the multiplication of A in the basis {x1, · · · , xn} is
(13) [xa, xb, xc] =
n∑
k=1
Γ
k
abcxk, Γ
k
abc ∈ F, 1 ≤ a, b, c, k ≤ n.
By the above notations, we have the following result.
Theorem 2.2. Let A be a 3-Lie algebra with an involutive derivation D, and let the multiplica-
tion of A in the basis {x1, · · · , xn} be (13), where
A1 = 〈x1, · · · , xs〉, A−1 = 〈xs+1, · · · , xn〉.
Let furtherd {x∗1, · · · , x
∗
n} be the dual basis of the dual space A
∗. Then the mulitiplication µ of
the semi-direct product 3-Lie algebra B1 = A ⋉ad∗ A
∗ satisfies
(14) µ(xa, xb, xc) =

s∑
k=1
Γ
k
abcxk,1 ≤ a, b ≤ s < c ≤ n,
n∑
k=s+1
Γ
k
abcxk,1 ≤ a ≤ s < b, c ≤ n,
0, 1 ≤ a, b, c ≤ s or s + 1 ≤ a, b, c ≤ n.
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(15) µ(xa, xb, x
∗
c) =

−
n∑
k=s+1
Γ
c
abkx
∗
k, 1 ≤ a, b, c ≤ s,
−
s∑
k=1
Γ
c
abkx
∗
k, s + 1 ≤ a, b, c ≤ n,
−
s∑
k=1
Γ
c
abkx
∗
k, 1 ≤ a, c ≤ s < b ≤ n,
−
n∑
k=s+1
Γ
c
abkx
∗
k, 1 ≤ a ≤ s < b, c ≤ n,
0, 1 ≤ a, b ≤ s < c ≤ n,
0, 1 ≤ c ≤ s < a, b ≤ n,
and
µ(xa, x
∗
b, x
∗
c) = µ(x
∗
a, x
∗
b, x
∗
c) = 0, ∀1 ≤ a, b, c ≤ n.
Proof. From (11), we can suppose
(16) µ(xa, xb, x
∗
c) = ad
∗
xaxb
x∗c =
n∑
k=1
λkabcx
∗
k, λ
k
abc ∈ F, 1 ≤ a, b, c, k ≤ n.
Thanks to Lemma 2.1 and Eq (13), a direct computation yields (14).
By Eqs (10) and (16), for ∀xa, xb, xt ∈ A, x
∗
c ∈ A
∗,
〈µ(xa, xb, x
∗
c), xt〉 =〈
n∑
k=1
λkabcx
∗
k, xt〉 = λ
t
abc,
〈µ(xa, xb, x
∗
c), xt〉 = − 〈x
∗
c, adxa,xb xt〉 = −〈x
∗
c,
n∑
k=1
Γ
k
abtxk〉 = −Γ
c
abt.
Therefore,
λtabc = −Γ
c
abt, ∀1 ≤ a, b, c, t ≤ n.
By (16),
µ(xa, xb, x
∗
c) =
n∑
k=1
λkabcx
∗
k = −
n∑
k=1
Γ
c
abkx
∗
k, ∀1 ≤ a, b, c, t ≤ n.
Follows from (14), we obtain (15). The proof is complete. 
3. The local cocycle 3-Lie bialgebras induced by involutive derivations
For a 3-Lie algebra A with an involutive derivationD, we will construct a 3-Lie algebra B2 on
the dual space (A ⊕ A∗)∗. But before that, we need to construct a local cocycle 3-Lie bialgebra
structure on the semi-direct product 3-Lie algebra A ⋉ad∗ A
∗. First we recall some definitions.
Let A be a 3-Lie algebra, A∗ be the dual space of A, and ∆ : A → A ∧ A ∧ A be a linear
mapping. Then the dual mapping ∆∗ of ∆ is a linear mapping ∆∗ : A∗∧A∗∧A∗ → A∗ satisfying,
(17) 〈∆∗(α, β, γ), x〉 = 〈α ⊗ β ⊗ γ,∆(x)〉, ∀α, β, γ ∈ A∗, x ∈ A.
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A local cocycle 3-Lie bialgebra [4] is a pair (A,∆), where A is a 3-Lie algebra, and
∆ = ∆1 + ∆2 + ∆3 : A → A ∧ A ∧ A
is a linear mapping satisfying that
• (A∗,∆∗) is a 3-Lie algebra,
• ∆1 is a 1-cocycle associated to the A-module (A ⊗ A ⊗ A, ad ⊗ 1 ⊗ 1),
• ∆2 is a 1-cocycle associated to the A-module (A ⊗ A ⊗ A, 1 ⊗ ad ⊗ 1),
• ∆3 is a 1-cocycle associated to the A-module (A ⊗ A ⊗ A, 1 ⊗ 1 ⊗ ad).
For r =
∑
i xi ⊗ yi ∈ A ⊗ A, denotes
[[r, r, r]] :≡
∑
i, j,k
(
[xi, x j, xk] ⊗ yi ⊗ y j ⊗ yk + xi ⊗ [yi, x j, xk] ⊗ y j ⊗ yk
+ xi ⊗ x j ⊗ [yi, y j, xk] ⊗ yk + xi ⊗ x j ⊗ xk ⊗ [yi, y j, yk]
)
.
(18)
The equation
(19) [[r, r, r]] = 0
is called the 3-Lie classical Yang-Baxter equation in the 3-Lie algebra A, and simply denoted
by CYBE.
Let A be a 3-Lie algebra with a basis {x1, · · · , xn}, {x
∗
1
, · · · , x∗n} the dual basis of A
∗, and D an
involutive derivation of A. Define the tensor D ∈ A∗ ⊗ A by,
(20) D(x, ξ) = 〈ξ,Dx〉, ∀x ∈ A, ξ ∈ A∗.
Thanks to Theorem 3.3 in [6]
(21) r = D − σ12D
is a skew-symmetric solution of CYBE in the semi-direct product 3-Lie algebra A ⋉ad∗ A
∗, and
(22) D =
n∑
i=1
x∗i ⊗ Dxi, r =
n∑
i=1
x∗i ⊗ Dxi −
n∑
i=1
Dxi ⊗ x
∗
i ∈ A
∗ ⊗ A,
where σ12 is the exchanging mapping. And r in (22) induces a local cocycle 3-Lie bialgebra
(A ⋉ad∗ A
∗,∆) on the semi-direct product 3-Lie algebra (A ⋉ad∗ A
∗, µ), where ∀x ∈ A ⋉ad∗ A
∗,
(23)

∆1(x) =
n∑
i, j=1
[x, x∗i ,−Dx j] ⊗ x
∗
j ⊗ Dxi +
∑ n∑
i, j=1
[x,−Dx∗i , x
∗
j] ⊗ Dx
∗
j ⊗ x
∗
i
+
n∑
i, j=1
[x,Dx∗
i
,Dx j] ⊗ x
∗
j
⊗ x∗
i
,
∆2(x) = σ13σ12∆1(x),
∆3(x) = σ12σ13∆1(x),
∆(x) = ∆1(x) + ∆2(x) + ∆3(x).
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If we suppose that x1, · · · , xs ∈ A1 and xs+1, · · · , xn ∈ A−1. By a direct computation we have
(24)
∆1(x) =
s∑
i=1
s∑
j=1
[x, x∗i ,−x j] ⊗ x
∗
j ⊗ xi +
s∑
i=1
n∑
j=s+1
[x, x∗i , x j] ⊗ x
∗
j ⊗ xi
+
n∑
i=s+1
s∑
j=1
[x, x∗i ,−x j] ⊗ x
∗
j ⊗ (−xi) +
n∑
i=s+1
n∑
j=s+1
[x, x∗i , x j] ⊗ x
∗
j ⊗ (−xi)
+
s∑
i=1
s∑
j=1
[x,−xi, x
∗
j] ⊗ x j ⊗ x
∗
i +
s∑
i=1
n∑
j=s+1
[x,−xi, x
∗
j] ⊗ (−x j)
∗ ⊗ x∗i
+
n∑
i=s+1
s∑
j=1
[x, xi, x
∗
j] ⊗ x j ⊗ x
∗
i +
n∑
i=s+1
n∑
j=s+1
[x, xi, x
∗
j] ⊗ (−x j) ⊗ x
∗
i
+
s∑
i=1
s∑
j=1
[x, xi, x j] ⊗ x
∗
j ⊗ x
∗
i +
s∑
i=1
n∑
j=s+1
[x, xi,−x j] ⊗ x
∗
j ⊗ x
∗
i
+
n∑
i=s+1
s∑
j=1
[x,−xi, x j] ⊗ x
∗
j ⊗ x
∗
i +
n∑
i=s+1
n∑
j=s+1
[x, xi, x j] ⊗ x
∗
j ⊗ x
∗
i ,
(25)
∆2(x) = σ13σ12∆1(x)
=
s∑
i=1
s∑
j=1
xi ⊗ [x, x
∗
i ,−x j] ⊗ x
∗
j +
s∑
i=1
n∑
j=s+1
xi ⊗ [x, x
∗
i , x j] ⊗ x
∗
j
−
n∑
i=s+1
s∑
j=1
xi ⊗ [x, x
∗
i ,−x j] ⊗ x
∗
j −
n∑
i=s+1
n∑
j=s+1
xi ⊗ [x, x
∗
i , x j] ⊗ x
∗
j
−
s∑
i=1
s∑
j=1
x∗i ⊗ [x, xi, x
∗
j] ⊗ x j +
s∑
i=1
n∑
j=s+1
x∗i ⊗ [x, xi, x
∗
j] ⊗ x
∗
j
+
n∑
i=s+1
s∑
j=1
x∗i ⊗ [x, xi, x
∗
j] ⊗ x j −
n∑
i=s+1
n∑
j=s+1
x∗i ⊗ [x, xi, x
∗
j] ⊗ x j
+
s∑
i=1
s∑
j=1
x∗i ⊗ [x, xi, x j] ⊗ x
∗
j −
s∑
i=1
n∑
j=s+1
x∗i ⊗ [x, xi, x j] ⊗ x
∗
j
−
n∑
i=s+1
s∑
j=1
x∗i ⊗ [x, xi, x j] ⊗ x
∗
j +
n∑
i=s+1
n∑
j=s+1
x∗i ⊗ [x, xi, x j] ⊗ x
∗
j ,
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(26)
∆3(x) = σ12σ13∆1(x)
=
s∑
i=1
s∑
j=1
x∗j ⊗ xi ⊗ [x, x
∗
i ,−x j] +
s∑
i=1
n∑
j=s+1
x∗j ⊗ xi ⊗ [x, x
∗
i , x j]
+
n∑
i=s+1
s∑
j=1
x∗j ⊗ xi ⊗ [x, x
∗
i , x j] −
n∑
i=s+1
n∑
j=s+1
x∗j ⊗ xi ⊗ [x, x
∗
i , x j]
−
s∑
i=1
s∑
j=1
x j ⊗ x
∗
i ⊗ [x, xi, x
∗
j] +
s∑
i=1
n∑
j=s+1
x∗j ⊗ x
∗
i ⊗ [x, xi, x
∗
j]
+
n∑
i=s+1
s∑
j=1
x j ⊗ x
∗
i ⊗ [x, xi, x
∗
j] −
n∑
i=s+1
n∑
j=s+1
x j ⊗ x
∗
i ⊗ [x, xi, x
∗
j]
+
s∑
i=1
s∑
j=1
x∗j ⊗ x
∗
i ⊗ [x, xi, x j] +
s∑
i=1
n∑
j=s+1
x∗j ⊗ x
∗
i ⊗ [x, xi,−x j]
−
n∑
i=s+1
s∑
j=1
x∗j ⊗ x
∗
i ⊗ [x, xi, x j] +
n∑
i=s+1
n∑
j=s+1
x∗j ⊗ x
∗
i ⊗ [x, xi, x j].
For convenience, in the following, the semi-direct product 3-Lie algebra (A ⋉ad∗ A
∗, µ) is
denoted by B1, and the 3-Lie algebra ((A ⊕ A
∗)∗,∆∗) is denoted by B2, where
∆
∗ : (A ⊕ A∗)∗ ∧ (A ⊕ A∗)∗ ∧ (A ⊕ A∗)∗ → (A ⊕ A∗)∗
is the dual mapping of ∆ = ∆1 + ∆2 + ∆3 defined as (17).
Suppose that
(27) Π1 = {x1, · · · , xs, xs+1, · · · , xn, x
∗
1, · · · , x
∗
s, x
∗
s+1, · · · , x
∗
n}
is a basis of B1, and
(28) Π2 = {y1, · · · , ys, ys+1, · · · , yn, y
∗
1, · · · , y
∗
s, y
∗
s+1, · · · , y
∗
n}
is a basis of B2 such that xi ∈ A, x
∗
i
∈ A∗ for 1 ≤ i ≤ n and xk ∈ A1, xl ∈ A−1, 1 ≤ k ≤ s,
s + 1 ≤ l ≤ n, satisfying
(29) 〈xi, y
∗
j〉 = 〈x
∗
i , y j〉 = 〈xi, x
∗
j〉 = δi j, 〈xi, y j〉 = 〈x
∗
i , y
∗
j〉 = 0, 1 ≤ i, j ≤ n,
and the multiplication of the 3-Lie algebra A in the basis x1, · · · xs, xs+1, · · · , xn is (13).
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Thanks to Theorem 2.2 and Eqs (24), (25), (26) and (13), for ∀1 ≤ t ≤ n,
(30)
∆(xt) =
(
−
s∑
i, j=1
n∑
k=s+1
+
s∑
i,k=1
n∑
j=s+1
+
n∑
i,k=s+1
s∑
j=1
−
n∑
i, j=s+1
s∑
k=1
)
Γ
i
t jkx
∗
k ⊗ x
∗
j ⊗ xi
−
( s∑
i, j,k=1
+
n∑
i, j,k=s+1
)
Γ
i
t jkx
∗
k ⊗ x
∗
j ⊗ xi +
( s∑
i, j=1
n∑
k=s+1
−
s∑
i=1
n∑
j,k=s+1
)
Γ
j
tik
x∗i ⊗ x
∗
k ⊗ x j
+
(
−
n∑
i=s+1
s∑
j,k=1
+
n∑
i,k=s+1
s∑
j=1
+
s∑
i, j,k=1
+
n∑
i, j,k=s+1
)
Γ
j
tik
x∗i ⊗ x
∗
k ⊗ x j
+
s∑
i, j,k=1
Γ
k
ti jx
∗
j ⊗ x
∗
i ⊗ xk −
( s∑
i,k=1
n∑
j=s+1
+
s∑
i=1
n∑
j,k=s+1
)
Γ
k
ti jx
∗
j ⊗ x
∗
i ⊗ xk
+
( n∑
i=s+1
s∑
j,k=1
−
n∑
i,k=s+1
s∑
j=1
+
n∑
i, j=s+1
s∑
k=1
)
Γ
k
ti jx
∗
j ⊗ x
∗
i ⊗ xk,
(31)
∆(x∗t ) =
s∑
i=1
s∑
j=1
n∑
k=s+1
(
− Γti jk)(x
∗
k ⊗ x
∗
j ⊗ x
∗
i + x
∗
i ⊗ x
∗
k ⊗ x
∗
j + x
∗
j ⊗ x
∗
i ⊗ x
∗
k
)
+
s∑
i=1
n∑
j=s+1
s∑
k=1
Γ
t
i jk
(
x∗k ⊗ x
∗
j ⊗ x
∗
i + x
∗
i ⊗ x
∗
k ⊗ x
∗
j + x
∗
j ⊗ x
∗
i ⊗ x
∗
k
)
+
s∑
i=1
n∑
j=s+1
n∑
k=s+1
Γ
t
i jk
(
x∗k ⊗ x
∗
j ⊗ x
∗
i + x
∗
i ⊗ x
∗
k ⊗ x
∗
j + x
∗
j ⊗ x
∗
i ⊗ x
∗
k
)
+
n∑
i=s+1
s∑
j=1
s∑
k=1
Γ
t
i jk
(
x∗k ⊗ x
∗
j ⊗ x
∗
i + x
∗
i ⊗ x
∗
k ⊗ x
∗
j + x
∗
j ⊗ x
∗
i ⊗ x
∗
k
)
+
n∑
i=s+1
s∑
j=1
n∑
k=s+1
Γ
t
i jk
(
x∗k ⊗ x
∗
j ⊗ x
∗
i + x
∗
i ⊗ x
∗
k ⊗ x
∗
j + x
∗
j ⊗ x
∗
i ⊗ x
∗
k
)
n∑
i=s+1
n∑
j=s+1
s∑
k=1
(
− Γti jk)(x
∗
k ⊗ x
∗
j ⊗ x
∗
i + x
∗
i ⊗ x
∗
k ⊗ x
∗
j + x
∗
j ⊗ x
∗
i ⊗ x
∗
k
)
.
Then we get the following result.
Theorem 3.1. Let A be a 3-Lie algebra with an involutive derivation D, and let the multiplica-
tion of A in the basis {x1, · · · , xs, xs+1, · · · , xn} be (13), where A1 = 〈x1, · · · , xs〉 and A−1 = 〈xs+1,
· · · , xn〉. Then the multiplication of the 3-Lie algebra (B2,∆
∗) in the basis {y1, · · · , ys, ys+1 · · · yn,
y∗1, · · · , y
∗
s, y
∗
s+1, · · · , y
∗
n} is as follows
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(32)

∆
∗(ya, yb, yc) =

−
s∑
k=1
Γ
k
abcyk, 1 ≤ a, b ≤ s < c ≤ n,
−
n∑
k=s+1
Γ
k
abcyk, 1 ≤ a ≤ s < b, c ≤ n,
0, 1 ≤ a, b, c ≤ s,
or s + 1 ≤ a, b, c ≤ n.
∆
∗(ya, yb, y
∗
c) =

n∑
k=s+1
Γ
c
abky
∗
k, 1 ≤ a, b, c ≤ s,
s∑
k=1
Γ
c
abky
∗
k, s + 1 ≤ a, b, c ≤ n,
s∑
k=1
Γ
c
abky
∗
k, 1 ≤ a, c ≤ s < b ≤ n,
n∑
k=s+1
Γ
c
abky
∗
k, 1 ≤ a ≤ s < b, c ≤ n,
0, 1 ≤ a, b ≤ s < c ≤ n,
or 1 ≤ c ≤ s < a, b ≤ n,
∆
∗(ya, y
∗
b
, y∗c) = ∆
∗(y∗a, y
∗
b
, y∗c) = 0, 1 ≤ a, b, c ≤ n.
Proof. Suppose
(33) ∆∗(ya, yb, yc) =
n∑
k=1
λkabcyk +
n∑
k=1
µkabcy
∗
k, λ
k
abc, µ
k
abc ∈ F, 1 ≤ a, b, c, k ≤ n.
Thanks to (29),
〈∆∗(ya, yb, yc), xt〉 = 〈
n∑
k=1
λkabcyk +
n∑
k=1
µkabcy
∗
k, xt〉 = µ
t
abc, 1 ≤ a, b, c, t ≤ n,
〈∆∗(ya, yb, yc), x
∗
t 〉 =
n∑
k=1
λkabcyk +
n∑
k=1
µkabcy
∗
k, x
∗
t 〉 = λ
t
abc, 1 ≤ a, b, c, t ≤ n.
By Eqs (30) and (31), if 1 ≤ a, b, c ≤ s, 1 ≤ t ≤ n, then
〈∆∗(ya, yb, yc), xt〉 = 〈ya ⊗ yb ⊗ yc,∆(xt)〉 = 0,
〈∆∗(ya, yb, yc), x
∗
t 〉 = 〈ya ⊗ yb ⊗ yc,∆(x
∗
t )〉 = 0.
Therefore, λt
abc
= µt
abc
= 0, and ∆∗(ya, yb, yc) = 0.
For ∀ 1 ≤ a, b ≤ s < c ≤ n, 1 ≤ t ≤ n,
〈∆∗(ya, yb, yc), xt〉 = 〈ya ⊗ yb ⊗ yc,∆(xt)〉 = 0,
〈∆∗(ya, yb, yc), x
∗
t 〉 = 〈ya ⊗ yb ⊗ yc,∆(x
∗
t )〉 =
{
−Γtabc, 1 ≤ t ≤ s,
0, s + 1 ≤ t ≤ n.
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Therefore, µt
abc
= 0, λt
abc
= −Γt
abc
, and
∆
∗(ya, yb, yc) = −
s∑
k=1
Γ
k
abcyk.
For ∀ 1 ≤ a ≤ s < b, c ≤ n, 1 ≤ t ≤ n,
〈∆∗(ya, yb, yc), xt〉 = 〈ya ⊗ yb ⊗ yc,∆(xt)〉 = 0,
〈∆∗(ya, yb, yc), x
∗
t 〉 = 〈ya ⊗ yb ⊗ yc,∆(x
∗
t )〉 =
{
0, 1 ≤ t ≤ s,
−Γtabc, s + 1 ≤ t ≤ n.
we get µt
abc
= 0, λt
abc
= −Γt
abc
, and
∆
∗(ya, yb, yc) = −
n∑
k=s+1
Γ
k
abcyk.
Similarly, suppose
∆
∗(ya, yb, y
∗
c) =
n∑
k=1
λkabcyk +
n∑
k=1
µkabcy
∗
k, λ
k
abc, µ
k
abc ∈ F, 1 ≤ a, b, c, k ≤ n.
Thanks to (29),
〈∆∗(ya, yb, y
∗
c), xt〉 = 〈ya ⊗ yb ⊗ y
∗
c),∆(xt)〉 = µ
t
abc, 1 ≤ a, b, c, t ≤ n,
〈∆∗(ya, yb, y
∗
c), x
∗
t 〉 = 〈ya ⊗ yb ⊗ y
∗
c),∆(x
∗
t )〉 = λ
t
abc, 1 ≤ a, b, c, t ≤ n.
For ∀ 1 ≤ a, b, c ≤ s, 1 ≤ t ≤ n, by Eqs (30) and (31),
〈∆∗(ya, yb, y
∗
c), xt〉 = 〈ya ⊗ yb ⊗ y
∗
c,∆(xt)〉 =
{
0, 1 ≤ t ≤ s,
Γ
c
abt, s + 1 ≤ t ≤ n.
〈∆∗(ya, yb, y
∗
c), x
∗
t 〉 = 〈ya ⊗ yb ⊗ y
∗
c,∆(x
∗
t )〉 = 0
Therefore,
λtabc = 0, µ
t
abc = Γ
c
abt, ∆
∗(ya, yb, y
∗
c) =
n∑
k=s+1
Γ
c
abky
∗
k.
For ∀ 1 ≤ a, c ≤ s < b ≤ n, 1 ≤ t ≤ n,
〈∆∗(ya, yb, y
∗
c), xt〉 = 〈ya ⊗ yb ⊗ y
∗
c,∆(xt)〉 =
{
Γ
c
abt, 1 ≤ t ≤ s,
0, s + 1 ≤ t ≤ n.
〈∆∗(ya, yb, y
∗
c), x
∗
t 〉 = 〈ya ⊗ yb ⊗ y
∗
c,∆(x
∗
t )〉 = 0
Therefore,
λtabc = 0, µ
t
abc = Γ
c
abt, ∆
∗(ya, yb, y
∗
c) =
s∑
k=1
Γ
c
abky
∗
k.
For ∀ 1 ≤ a ≤ s < b, c ≤ n, 1 ≤ t ≤ n,
〈∆∗(ya, yb, y
∗
c), xt〉 = 〈ya ⊗ yb ⊗ y
∗
c,∆(xt)〉 =
{
0, 1 ≤ t ≤ s,
Γ
c
abt, s + 1 ≤ t ≤ n.
〈∆∗(ya, yb, y
∗
c), x
∗
t 〉 = 〈ya ⊗ yb ⊗ y
∗
c,∆(x
∗
t )〉 = 0.
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Therefore,
λtabc = 0, µ
t
abc = Γ
c
abt, ∆
∗(ya, yb, y
∗
c) =
n∑
k=s+1
Γ
c
abky
∗
k.
By the similar discussion to the above, we get the result for other cases. We omit the compu-
tation process. 
4. Manin triples and matched pairs of 3-Lie algebras induced by involutive derivations
A metric on a 3-Lie algebra A is a non-degenerate symmetric bilinear form (·, ·) : A ⊗ A → F
satisfying
(34) ([x1, x2, x3], x4) + ([x1, x2, x4], x3) = 0, ∀x1, x2, x3, x4 ∈ A.
The pair (A, (·, ·)) is called a metric 3-Lie algebra, or simply A is a metric 3-Lie algebra.
If there are two subalgebras A1 and A2 of (A, (·, ·)) such that A = A1 ⊕ A2 (as vector spaces),
(A1, A1) = 0, (A2, A2) = 0, [A1, A1, A2] ⊆ A2 and [A2, A2, A1] ⊆ A1, then the 5-tuple
(A, [·, ·, ·], (·, ·), A1, A2) ( or 4-tuple (A, (·, ·), A1, A2))
is called a Manin triple [4].
Let (A, (·, ·)A, A1, A2) be a Manin triple, and (A
′, (·, ·)A′) be a metric 3-Lie algebra. If there is a
3-Lie algebra isomorphism f : A → A′ satisfying
(x, y)A = ( f (x), f (y))A′ , ∀x, y ∈ A,
then (A′, (·, ·)A′, f (A1), f (A2)) is also aManin triple. And in this case we say that (A, (·, ·)A, A1, A2)
is isomorphic to (A′, (·, ·)A′, A
′
1
, A′
2
), where f (A1) = A
′
1
, f (A2) = A
′
2
.
Let (A, [·, ·, ·]) and (A
′
, [·, ·, ·]′) be two 3-Lie algebras. Suppose
ρ : A ∧ A → Der(A′), and χ : A′ ∧ A′ → Der(A)
are linear mappings. For ∀xi ∈ A and ai ∈ A
′
, 1 ≤ i ≤ 3 we give the following identities:
(35)
adx1x2χ(a1, a2)x3 − χ(a1, a2)adx1x2 x3
=χ(ρ(x1, x2)a1, a2)x3 + χ(a1, ρ(x1, x2)a2)x3,
(36)
ad′a1a2ρ(x1, x2)a3 − ρ(x1, x2)ad
′
a1a2
a3
=ρ(χ(a1, a2)x1, x2)a3 + ρ(x1, χ(a1, a2)x2)a3,
(37)
adx1x2χ(a1, a2)x3 = χ(ρ(x1, x2)a1, a2)x3
−χ(a1, ρ(x3, x1)a2)x2 − χ(a1, ρ(x2, x3)a2)x1,
(38)
ad′a1a2ρ(x1, x2)a3 = ρ(χ(a1, a2)x1, x2)a3
−ρ(x1, χ(a3, a1)x2)a2 − ρ(x1, χ(a2, a3)x2)a1,
where (A′, ad′) is the adjoint representation of the 3-Lie algebra (A′, [·, ·, ·]′).
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Theorem 4.1. Suppose that (A, [·, ·, ·]) and (A
′
, [·, ·, ·]′) are 3-Lie algebras, and there are linear
mappings ρ : ∧2A → Der(A′) and χ : ∧2A
′
→ Der(A) such that (A′, ρ) is an A-module, (A, χ)
is an A′-module, and Eqs (35), (36), (37) and (38) hold. Then (A ⊕ A′, [·, ·, ·]A⊕A′) is a 3-Lie
algebra, where for ∀xi ∈ A, ai ∈ A
′
, 1 ≤ i ≤ 3,
(39)
[x1 + a1, x2 + a2, x3 + a3]A⊕A′
=[x1, x2, x3] + ρ(x1, x2)a3 + ρ(x3, x1)a2 + ρ(x2, x3)a1
+[a1, a2, a3]
′
+ χ(a1, a2)x3 + χ(a3, a1)x2 + χ(a2, a3)x1.
Proof. Apply Proposition 4.4 in [4]. 
The 4-tuple (A, A′, ρ, χ) is called a matched pair of 3-Lie algebras.
Let (A, [·, ·, ·]) and (A∗, [·, ·, ·]∗) be 3-Lie algebras, where A
∗ is the dual space of A. There is a
natural non-degenerate symmetric bilinear form (·, ·) : (A ⊕ A∗) ⊗ (A ⊕ A∗) → F given by
(40) (x1 + ξ, x2 + η) = 〈x1, η〉 + 〈ξ, x2〉,∀x1, x2 ∈ A, ξ, η ∈ A
∗.
Then (A, A) = (A∗, A∗) = 0.
Define linear multiplication [·, ·, ·]A⊕A∗ : (A⊕A
∗)∧3 → A⊕A∗ by, ∀xi ∈ A, yi ∈ A
∗ for 1 ≤ i ≤ 3,
(41)
[x1 + y1, x2 + y2, x3 + y3]A⊕A∗
=[x1, x2, x3] + ad
∗
x1x2
y3 + ad
∗
x3x1
y2 + ad
∗
x2x3
y1
+aφ∗y1y2x3 + aφ
∗
y3y1
x2 + aφ
∗
y2y3
x1 + [y1, y2, y3]∗,
where (A∗, ad∗) is the coadjoint representation of the 3-Lie algebra (A, [·, ·, ·], and (A, aφ∗) is the
coadjoint representation of the 3-Lie algebra (A∗, [·, ·, ·]∗).
Then by (40) and (41), for ∀xi ∈ A, yi ∈ A
∗ for 1 ≤ i ≤ 4,
([x1 + y1, x2 + y2, x3 + y3]A⊕A∗, x4 + y4) + (x3 + y3, [x1 + y1, x2 + y2, x4 + y4]A⊕A∗)
=([x1, x2, x3] + aφ
∗
y1y2
x3 + aφ
∗
y3y1
x2 + aφ
∗
y2y3
x1, y4)
+ (ad∗x1,x2y3 + ad
∗
x3x1
y2 + ad
∗
x2x3
y1 + [y1, y2, y3]∗, x4)
+ (y3, [x1, x2, x4] + aφ
∗
y1y2
x4 + aφ
∗
y4y1
x2 + aφ
∗
y2y4
x1)
+ (x3, ad
∗
x1x2
y4 + ad
∗
x4x1
y2 + ad
∗
x2x4
y1 + [y1, y2, y4]∗)
=([x1, x2, x3], y4) − (x3, [y1, y2, y4]∗) − (x2, [y3, y1, y4]∗) − (x1, [y2, y3, y4]∗)
+ (x4, [y1, y2, y3]∗) − ([x1, x2, x4], y3) − ([x3, x1, x4], y2) − ([x2, x3, x4], y1)
+ ([x1, x2, x3], y4) − (x4, [y1, y2, y3]∗) − (x2, [y4, y1, y3]∗) − (x1, [y2, y4, y3]∗)
+ (x3, [y1, y2, y4]∗) − ([x1, x2, x3], y4) − ([x4, x1, x3], y2) − ([x2, x4, x3], y1) = 0,
and (A, A) = (A∗, A∗) = 0.
We find that the non-degenerate symmetric bilinear form (·, ·) defined by (40) satisfies product
invariance, and A, A∗ are isotropic in the 3-algebra (A ⊕ A∗, [·, ·, ·]A⊕A∗). Therefore, if (A ⊕
A∗, [·, ·, ·]A⊕A∗) is a 3-Lie algebra, then (A ⊕ A
∗, [·, ·, ·]A⊕A∗, (·, ·)) is a metric 3-Lie algebra with
isotropic subalgebras A and A∗, and (A ⊕ A∗, [·, ·, ·]A⊕A∗, (·, ·), A, A
∗) is a Manin triple, which is
called the standard Manin triple.
Thanks to Theorem 4.1 and Eq (41), for arbitrary two 3-Lie algebras (A, [·, ·, ·]) and (A∗, [·,
·, ·]∗), the 5-tuple (A ⊕ A
∗, [·, ·, ·]A⊕A∗, (·, ·), A, A
∗) is a standard Manin triple if and only if
(A, A∗, ad∗, aφ∗) is a matched pair.
MANIN TRIPLES OF 3-LIE ALGEBRAS INDUCED BY INVOLUTIVE DERIVATIONS 13
In the following we suppose that A is a 3-Lie algebra with an involutive derivation D, and
the multiplication of A in the basis {x1, · · · , xs, xs+1, · · · , xn} is (13), where xi ∈ A1, x j ∈ A−1,
1 ≤ i ≤ s, s + 1 ≤ j ≤ n; B1 = (A ⋉ A
∗, µ) is the semi-direct product 3-Lie algebra of A with the
multiplication (14) and (15) in the basis Π1 (defined by (27) ), and B2 = ((A ⊕ A
∗)∗,∆∗) is the
3-Lie algebra induced by the local cocycle 3-Lie bialgebra (A ⊕ A∗,∆) with the multiplication
(32) in the basis Π2 (defined by (28) ).
Let
aδ∗ : B1 ∧ B1 → gl(B2),
be the coadjoint representations of the 3-Lie algebra (B1, µ) on B2 = (A ⊕ A
∗)∗ = B∗
1
, and
aψ∗ : B2 ∧ B2 → gl(B1 = B
∗
2)
be the coadjoint representation of the 3-Lie algebra (B2,∆
∗) on B1 = B
∗
2
.
Then for ∀ya, yb, yc, y
∗
a, y
∗
c, yt, y
∗
r ∈ Π2, and ∀xa, xb, xc, x
∗
e, x
∗
d
, xt, x
∗
t ∈ Π1, we have
(42)

〈aδ∗xaxbyt, xc〉 = −〈yt, µ(xa, xb, xc)〉,
〈aδ∗xaxbyt, x
∗
d
〉 = −〈yt, µ(xa, xb, x
∗
d
)〉,
〈aδ∗xaxby
∗
r , xc〉 = −〈y
∗
r , µ(xa, xb, xc)〉,
〈aδ∗xaxby
∗
r , x
∗
d
〉 = −〈y∗r , µ(xa, xb, x
∗
d
)〉,
〈aδ∗
x∗
d
xb
yt, xc〉 = −〈yt, µ(x
∗
d
, xb, xc)〉,
〈aδ∗
x∗
d
xb
yt, x
∗
e〉 = −〈yt, µ(x
∗
d
, xb, x
∗
e)〉.
(43)

〈aψ∗yayb xt, yc〉 = −〈xt,∆
∗(ya, yb, yc)〉,
〈aψ∗yayb xt, y
∗
c〉 = −〈xt,∆
∗(ya, yb, y
∗
c)〉,
〈aψ∗yayb x
∗
t , yc〉 = −〈x
∗
t ,∆
∗(ya, yb, yc)〉,
〈aψ∗yayb x
∗
t , y
∗
c〉 = −〈x
∗
t ,∆
∗(ya, yb, y
∗
c)〉,
〈aψ∗
y∗ayb
xt, yc〉 = −〈xt,∆
∗(y∗a, yb, yc)〉,
〈aψ∗
y∗ayb
xt, y
∗
c〉 = −〈xt,∆
∗(y∗a, yb, y
∗
c)〉.
By the above notations, we have the following result.
Lemma 4.2. The multiplication [·, ·, ·]1 : ∧
3(B1 ⊕ B2) → B1 ⊕ B2 of the semi-direct product
3-Lie algebra B1 ⋉aδ∗ B2 = (B1 ⊕ B2, [·, ·, ·]1) in the basis Π1 ∪ Π2 = {x1, · · · , xs, xs+1, · · · , xn,
x∗
1
, · · · , x∗s, x
∗
s+1
, · · · , x∗n, y1, · · · , ys, ys+1, · · · , yn, y
∗
1
, · · · , y∗s, y
∗
s+1
, · · · , y∗n}, is as following, for
∀1 ≤ a, b, c, d, e, g, p, q, r, f , h, t ≤ n,
[xa, xb, xc]1 = µ(xa, xb, xc), [xa, xb, x
∗
d]1 = µ(xa, xb, x
∗
d),
are defined as (14) and (15), and
[xa, x
∗
d, x
∗
e]1 = [x
∗
d, x
∗
e, x
∗
g]1 = [xa, yp, yq]1 = [xa, yp, y
∗
t ]1 = 0,
[xa, y
∗
f , y
∗
t ]1 = [yp, yq, yr]1 = [yp, y
∗
q, y
∗
t ]1 = [y
∗
f , y
∗
h, y
∗
t ]1 = 0,
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(44)

[xa, xb, yt]1 = aδ
∗
xaxb
yt =

s∑
k=1
Γ
k
abtyk, 1 ≤ a, b ≤ s < t ≤ n,
s∑
k=1
Γ
k
abtyk, 1 ≤ a, t ≤ s < b ≤ n,
n∑
k=s+1
Γ
k
abtyk, 1 ≤ t ≤ s < a, b ≤ n,
n∑
k=s+1
Γ
k
abtyk, 1 ≤ a ≤ s < b, t ≤ n,
0, 1 ≤ a, b, t ≤ s
or s + 1 ≤ a, b, t ≤ n;
[xa, xb, y
∗
t ]1 = aδ
∗
xaxb
y∗t =

−
n∑
k=s+1
Γ
t
abky
∗
k, 1 ≤ a, b, t ≤ s,
−
s∑
k=1
Γ
t
abky
∗
k, s + 1 ≤ a, b, t ≤ n,
−
s∑
k=1
Γ
t
abky
∗
k, 1 ≤ a, t ≤ s < b ≤ n,
−
n∑
k=s+1
Γ
t
abky
∗
k, 1 ≤ a ≤ s < b, t ≤ n,
0, 1 ≤ a, b ≤ s < t ≤ n,
or 1 ≤ t ≤ s < a, b ≤ n;
[x∗a, xb, yt]1 = aδ
∗
x∗axb
yt =

n∑
k=s+1
Γ
a
bkty
∗
k, 1 ≤ a, b, t ≤ s,
s∑
k=1
Γ
a
bkty
∗
k, s + 1 ≤ a, b, t ≤ n,
s∑
k=1
Γ
a
bkty
∗
k, 1 ≤ a, b ≤ s < t ≤ n,
or 1 ≤ a, t ≤ s < b ≤ n,
n∑
k=s+1
Γ
a
bkty
∗
k, 1 ≤ t ≤ s < a, b ≤ n,
or 1 ≤ b ≤ s < a, t ≤ n,
0, 1 ≤ a ≤ s < b, t ≤ n,
or 1 ≤ b, t ≤ s < a ≤ n.
Proof. For ∀1 ≤ a, b, c, t ≤ n, suppose
[xa, xb, yt]1 =
n∑
k=1
λkabtyk +
n∑
k=1
νkabty
∗
k, λ
k
abt, ν
k
abt ∈ F.
By Eq (29), if 1 ≤ a, b, c ≤ n, 1 ≤ t ≤ n, then
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〈aδ∗xaxbyt, xc〉 = 〈
n∑
k=1
λkabtyk +
n∑
k=1
νkabty
∗
k, xc〉 = ν
c
abt,
〈aδ∗xaxbyt, x
∗
c〉 = 〈
n∑
k=1
λkabtyk +
n∑
k=1
νkabty
∗
k, x
∗
c〉 = λ
c
abt.
Thanks to Eqs (14), (15), (29) and (42), for all 1 ≤ c ≤ n,
〈aδ∗xaxbyt, xc〉 = −〈yt, µ(xa, xb, xc)〉 = 0, 1 ≤ a, b ≤ s, 1 ≤ t ≤ n,
〈aδ∗xa xbyt, x
∗
c〉 = −〈yt, µ(xa, xb, x
∗
c)〉 =
{
0, 1 ≤ a, b ≤ s, 1 ≤ t ≤ s,
Γ
c
abt, 1 ≤ a, b ≤ s, , s + 1 ≤ t ≤ n.
Therefore, νc
abt
= 0, λc
abt
= Γ
c
abt
for 1 ≤ a, b ≤ s, s + 1 ≤ t ≤ n, and
[xa, xb, yt]1 =

0, 1 ≤ a, b, t ≤ s,
s∑
k=1
Γ
k
abtyk, 1 ≤ a, b ≤ s < t ≤ n.
In the case s + 1 ≤ a, b ≤ n, 1 ≤ t ≤ n, we have that for all 1 ≤ c ≤ n,
〈aδ∗xa xbyt, xc〉 = −〈yt, µ(xa, xb, xc)〉 = 0,
〈aδ∗xa xbyt, x
∗
c〉 = −〈yt, µ(xa, xb, x
∗
c)〉 =
{
Γ
c
abt, 1 ≤ t ≤ s,
0, s + 1 ≤ t ≤ n,
and νc
abt
= 0, λc
abt
= Γ
c
abt
, 1 ≤ t ≤ s. Therefore,
[xa, xb, yt]1 =

0, s + 1 ≤ a, b, t ≤ n,
n∑
k=s+1
Γ
k
abtyk, 1 ≤ t ≤ s < a, b ≤ n.
If ∀1 ≤ a ≤ s < b ≤ n, 1 ≤ t ≤ n, then for all 1 ≤ c ≤ n,
〈aδ∗xa xbyt, xc〉 = −〈yt, µ(xa, xb, xc)〉 = 0,
〈aδ∗xa xbyt, x
∗
c〉 = −〈yt, µ(xa, xb, x
∗
c)〉 =
{
Γ
c
abt, 1 ≤ t ≤ s,
Γ
c
abt, s + 1 ≤ t ≤ n,
and νc
abt
= 0, λc
abt
= Γ
c
abt
, 1 ≤ t ≤ n. Therefore,
[xa, xb, yt]1 =

s∑
k=1
Γ
k
abtyk, s + 1 ≤ a, t ≤ s < b ≤ n,
n∑
k=s+1
Γ
k
abtyk, 1 ≤ a ≤ s < b, t ≤ n.
By a completely similar discussion to the above, for others cases, we get the expression of
[xa, xb, y
∗
t ]1 and [x
∗
a, xb, y
∗
t ]1, respectively. We omit the calculation process. The identities in (44)
follow. 
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Lemma 4.3. The multiplication [·, ·, ·]2 : ∧
3(B2 ⊕ B1) → B2 ⊕ B1 of the semi-direct product
3-Lie algebra B2 ⋉aψ∗ B1 = (B1 ⊕ B2, [·, ·, ·]2) in the basis
Π1 ∪ Π2 = {x1, · · · , xs, xs+1, · · · , xn, x
∗
1
, · · · , x∗s, x
∗
s+1
, · · · , x∗n,
y1, · · · , ys, ys+1, · · · , yn, y
∗
1, · · · , y
∗
s, y
∗
s+1, · · · , y
∗
n},
is as follows, for ∀ 1 ≤ a, b, c, d, e, g, p, q, r, f , h, t ≤ n,
[ya, yb, yc]2 = ∆
∗(ya, yb, yc), [ya, yb, y
∗
d]2 = ∆
∗(ya, yb, y
∗
d)
are defined as (32),
[ya, y
∗
d, y
∗
e]2 = [y
∗
d, y
∗
e, y
∗
g]2 = [ya, xp, xq]2 = [ya, xp, x
∗
t ]2 = 0,
[ya, x
∗
f , x
∗
t ]2 = [xp, xq, xr]2 = [xp, x
∗
q, x
∗
t ]2 = [x
∗
f , x
∗
h, x
∗
t ]2 = 0,
and
(45) [ya, yb, xt]2 = aψ
∗
yayb
xt =

−
s∑
k=1
Γ
k
abtxk, 1 ≤ a, b ≤ s < t ≤ n,
−
s∑
k=1
Γ
k
abtxk, 1 ≤ a, t ≤ s < b ≤ n,
−
n∑
k=s+1
Γ
k
abtxk, 1 ≤ t ≤ s < a, b ≤ n,
−
n∑
k=s+1
Γ
k
abtxk, 1 ≤ a ≤ s < b, t ≤ n,
0, 1 ≤ a, b, t ≤ s,
or s + 1 ≤ a, b, t ≤ n;
(46) [ya, yb, x
∗
t ]2 = aψ
∗
yayb
x∗t =

n∑
k=s+1
Γ
t
abkx
∗
k, 1 ≤ a, b, t ≤ s,
s∑
k=1
Γ
t
abkx
∗
k, s + 1 ≤ a, b, t ≤ n,
s∑
k=1
Γ
t
abkx
∗
k, 1 ≤ a, t ≤ s < b ≤ n,
n∑
k=s+1
Γ
t
abkx
∗
k, 1 ≤ a ≤ s < b, t ≤ n,
0, 1 ≤ a, b ≤ s < t ≤ n,
or 1 ≤ t ≤ s < a, b ≤ n;
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(47) [y∗a, yb, xt]2 = aψ
∗
y∗ayb
xt =

−
n∑
k=s+1
Γ
a
bktx
∗
k, 1 ≤ a, b, t ≤ s,
−
s∑
k=1
Γ
a
bktx
∗
k, s + 1 ≤ a, b, t ≤ n,
−
s∑
k=1
Γ
a
bktx
∗
k, 1 ≤ a, b ≤ s < t ≤ n,
or 1 ≤ a, t ≤ s < b ≤ n,
−
n∑
k=s+1
Γ
a
bktx
∗
k, 1 ≤ t ≤ s < a, b ≤ n,
or 1 ≤ b ≤ s < a, t ≤ n,
0, 1 ≤ a ≤ s < b, t ≤ n,
or 1 ≤ b, t ≤ s < a ≤ n.
Proof. For ∀1 ≤ a, b, t ≤ n, suppose
[ya, yb, xt]2 =
n∑
k=1
λkabtxk +
n∑
k=1
νkabtx
∗
k, λ
k
abt, ν
k
abt ∈ F.
By Eqs (30) and (31), for 1 ≤ a, b, c ≤ n, 1 ≤ t ≤ n, we have
〈aψ∗yayb xt, yc〉 = 〈
n∑
k=1
λkabtxk +
n∑
k=1
νkabtx
∗
k, yc〉 = ν
c
abt,
〈aψ∗yaybxt, y
∗
c〉 = 〈
n∑
k=1
λkabtxk +
n∑
k=1
νkabtx
∗
k, y
∗
c〉 = λ
c
abt.
Thanks to Eqs (29), (32) and (43), for ∀ya, yb, yc ∈ Π2, xt ∈ Π1, if 1 ≤ a, b ≤ s, 1 ≤ c, t ≤ n,
then
〈aψ∗yayb xt, yc〉 = −〈xt,∆
∗(ya, yb, yc)〉 = 0,
〈aψ∗yaybxt, y
∗
c〉 = −〈xt,∆
∗(ya, yb, y
∗
c)〉 =
{
0, 1 ≤ t ≤ s,
−Γcabt, s + 1 ≤ t ≤ n.
Therefore, νc
abt
= 0, λc
abt
= −Γc
abt
, and
[ya, yb, xt]2 =

−
s∑
k=1
Γ
k
abtxk, 1 ≤ a, b ≤ s < t ≤ n,
0, 1 ≤ a, b, t ≤ s.
If 1 ≤ a ≤ s < b ≤ n, 1 ≤ c, t ≤ n, then νc
abt
= 0, λc
abt
= −Γc
abt
, and
[ya, yb, xt]2 =

−
s∑
k=1
Γ
k
abtxk, 1 ≤ a, t ≤ s < b ≤ n,
−
n∑
k=s+1
Γ
k
abtxk, 1 ≤ a ≤ s < b, t ≤ n.
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We get (45). By Eqs (30), (31), (29), (32) and (43). A similar discussion to the above, we get
(46) and (47). We omit the calculation process. The proof is complete. 
Lemma 4.4. Let A be a 3-Lie algebra with an involutive derivation D, and the multiplication of
A in the basis {x1, · · · , xs, xs+1, · · · , xn} be (13), where xi ∈ A1, x j ∈ A−1, 1 ≤ i ≤ s, s+1 ≤ j ≤ n.
Then we have
(48)

n∑
k=s+1
s∑
t=1
(
Γ
k
i jaΓ
t
kbc + Γ
k
i jbΓ
t
akc + Γ
k
i jcΓ
t
abk
)
= 0,
n∑
k=s+1
s∑
t=1
(
Γ
c
abkΓ
k
i jt + Γ
k
i jaΓ
t
kbt + Γ
k
i jbΓ
c
akt
)
= 0,
s∑
k=1
s∑
t=1
(ΓkabiΓ
c
jkt + Γ
c
jakΓ
k
bit + Γ
c
jbkΓ
k
iat) = 0,
s∑
t=1
(
s∑
k=1
(ΓkabiΓ
c
k jt + Γ
k
ab jΓ
c
ikt) −
n∑
k=s+1
Γ
c
abkΓ
k
i jt) = 0,
s∑
t=1
(
s∑
k=1
(Γkc jaΓ
t
kbi + Γ
k
c jbΓ
t
aki − Γ
k
abiΓ
t
c jk) +
n∑
k=s+1
Γ
k
c jiΓ
t
abk) = 0,
s∑
t=1
(
s∑
k=1
(ΓbaikΓ
k
c jt + Γ
k
c jaΓ
b
kit − Γ
b
c jkΓ
k
ait) +
s∑
k=s+1
Γ
k
c jiΓ
b
akt) = 0,
s∑
t=1
(
n∑
k=s+1
(Γkai jΓ
b
ckt + Γ
b
cakΓ
k
i jt) +
s∑
k=1
(ΓbcikΓ
k
jat + Γ
b
c jkΓ
k
ait)) = 0,
s∑
t=1
(
s∑
k=1
(ΓkbciΓ
t
ak j + Γ
k
bc jΓ
t
aik) −
n∑
k=s+1
Γ
k
ai jΓ
t
bck) = 0,
where 1 ≤ a, b, c ≤ s, s + 1 ≤ i, j ≤ n,
(49)

n∑
t=s+1
( n∑
k=s+1
Γ
c
abkΓ
k
i jt +
s∑
k=1
(
Γ
k
i jaΓ
c
kbt + Γ
k
i jbΓ
c
akt + Γ
c
i jkΓ
k
abt
))
= 0,
s∑
k=1
n∑
t=s+1
(
Γ
i
jakΓ
k
bct + Γ
i
jbkΓ
k
cat + Γ
i
jckΓ
k
abt
)
= 0,
s∑
k=1
n∑
t=s+1
(Γba jkΓ
k
ict + Γ
k
ic jΓ
b
akt) +
n∑
k=s+1
Γ
b
ick
s∑
t=1
Γ
k
a jt = 0,
n∑
t=s+1
( s∑
k=1
(Γkab jΓ
i
ckt + Γ
i
c jkΓ
k
abt) +
n∑
k=s+1
(
Γ
i
cakΓ
k
b jt + Γ
i
cbkΓ
k
jat
))
= 0,
where 1 ≤ a, b, c, i ≤ s, s + 1 ≤ j ≤ n,
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(50)

s∑
k=1
n∑
t=s+1
(
Γ
k
i jaΓ
t
kbc + Γ
k
i jbΓ
t
akc + Γ
k
i jcΓ
t
abk
)
= 0,
s∑
k=1
n∑
t=s+1
(
Γ
c
abkΓ
k
i jt + Γ
k
i jaΓ
c
kbt + Γ
k
i jbΓ
c
akt
)
= 0,
n∑
k=s+1
n∑
t=s+1
(ΓkibcΓ
a
jkt + Γ
a
jbkΓ
k
cit + Γ
a
jckΓ
k
ibt) = 0,
n∑
t=s+1
(
s∑
k=1
Γ
k
jbiΓ
t
kac +
n∑
k=s+1
(ΓkjbaΓ
t
ikc + Γ
k
jbcΓ
t
iak − Γ
k
iacΓ
t
jbk)) = 0,
n∑
t=s+1
(
n∑
k=s+1
(ΓciakΓ
k
jbt + Γ
k
jbaΓ
c
ikt − Γ
c
jbkΓ
k
iat) −
s∑
k=1
Γ
k
jbiΓ
c
kat) = 0,
n∑
t=s+1
(
n∑
k=s+1
(ΓkabiΓ
t
k jc + Γ
k
ab jΓ
t
ikc) −
s∑
k=1
Γ
c
abkΓ
k
i jt) = 0,
n∑
t=s+1
(
n∑
k=s+1
(ΓkabiΓ
t
k jc + Γ
k
ab jΓ
t
ikc) −
s∑
k=1
Γ
k
i jcΓ
t
abk) = 0,
n∑
t=s+1
( s∑
k=1
(Γki jcΓ
a
bkt + Γ
a
bckΓ
k
i jt) +
n∑
k=s+1
(
Γ
a
bikΓ
k
jct + Γ
a
b jkΓ
k
cit
))
= 0,
where s + 1 ≤ a, b, c ≤ n, 1 ≤ i, j ≤ s,
(51)

s∑
t=1
( s∑
k=1
Γ
c
abkΓ
k
jit +
n∑
k=s+1
Γ
k
jiaΓ
c
kbt +
n∑
k=s+1
Γ
k
jibΓ
c
akt
)
+
n∑
k=s+1
n∑
t=s+1
Γ
c
jikΓ
k
abt = 0,
n∑
k=s+1
s∑
t=1
(ΓijakΓ
k
bct + Γ
i
jbkΓ
k
cat + Γ
i
jckΓ
k
abt) = 0,
s∑
t=1
(
n∑
k=s+1
(ΓkjbcΓ
i
akt + Γ
i
a jkΓ
k
bct) +
s∑
k=1
(ΓiabkΓ
k
c jt + Γ
i
ackΓ
k
jbt)) = 0,
s∑
t=1
(
n∑
k=s+1
(ΓcjbkΓ
k
iat + Γ
k
ia jΓ
c
kbt) +
s∑
k=1
Γ
c
iakΓ
k
jbt) = 0,
where 1 ≤ j ≤ s, s + 1 ≤ a, b, c, i ≤ n.
Proof. Thanks to (1), (14) and (15), for all 1 ≤ a, b, c ≤ s, s + 1 ≤ i, j ≤ n,
0 = µ(xi, x j, µ(xa, xb, xc))
= µ(µ(xi, x j, xa), xb, xc) + µ(xa, µ(xi, x j, xb), xc) + µ(xa, xb, µ(xi, x j, xc))
= (
n∑
k=s+1
Γ
k
i ja
s∑
t=1
Γ
t
kbc
+
n∑
k=s+1
Γ
k
i jb
s∑
t=1
Γ
t
akc
+
n∑
k=s+1
Γ
k
i jc
s∑
t=1
Γ
t
abk
)xt.
Therefore,
n∑
k=s+1
Γ
k
i ja
s∑
t=1
Γ
t
kbc+
n∑
k=s+1
Γ
k
i jb
s∑
t=1
Γ
t
akc+
n∑
k=s+1
Γ
k
i jc
s∑
t=1
Γ
t
abk = 0,
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and
µ(xi, x j, µ(xa, xb, x
∗
c)) = −
n∑
k=s+1
Γ
c
abk
s∑
t=1
Γ
k
i jt
x∗t ,
µ(µ(xi, x j, xa), xb, x
∗
c) + µ(xa, µ(xi, x j, xb), x
∗
c) + µ(xa, xb, µ(xi, x j, x
∗
c)),
= (
n∑
k=s+1
Γ
k
i ja
s∑
t=1
Γ
t
kbt
+
n∑
k=s+1
Γ
k
i jb
s∑
t=1
Γ
c
akt
)x∗t . It follows
n∑
k=s+1
s∑
t=1
(
Γ
c
abkΓ
k
i jt + Γ
k
i jaΓ
t
kbt + Γ
k
i jbΓ
c
akt
)
= 0.
By a similar discussion, for others cases of 1 ≤ a, b, c, i, j ≤ n, we get (49)-(51). 
Lemma 4.5. Let aδ∗ and aψ∗ be defined as (42) and (43), respectively. Then aδ∗ and aψ∗ satisfy
aδ∗(B1 ∧ B1) ⊆ DerB2 and aψ
∗(B2 ∧ B2) ⊆ DerB1.
Proof. First we prove aδ∗(B1 ∧ B1) ⊆ DerB2.
Thanks to (32), and (44)-(47), we have the following identities

∆
∗(aδ∗xix jya, yb, yc) + ∆
∗(ya, aδ
∗
xix j
yb, yc) + ∆
∗(ya, yb, aδ
∗
xix j
yc) = 0,
aδ∗xix j∆
∗(ya, yb, yc) = 0,
where1 ≤ a, b, c ≤ s, 1 ≤ i, j ≤ s, or 1 ≤ i ≤ s < j ≤ n;
or 1 ≤ a, b ≤ s < c ≤ n, 1 ≤ i, j ≤ s;
∆
∗(aδ∗xix jya, yb, yc) + ∆
∗(ya, aδ
∗
xix j
yb, yc) + ∆
∗(ya, yb, aδ
∗
xix j
yc)
= (
n∑
k=s+1
Γ
k
i ja
s∑
t=1
Γ
t
kbc +
n∑
k=s+1
Γ
k
i jb
s∑
t=1
Γ
t
akc +
s∑
k=s+1
Γ
k
i jc
s∑
t=1
Γ
t
abk)yt,
aδ∗xix j∆
∗(ya, yb, yc) = 0,
where s + 1 ≤ i, j ≤ n, 1 ≤ a, b, c ≤ s;
∆
∗(aδ∗xix jya, yb, yc) + ∆
∗(ya, aδ
∗
xix j
yb, yc) + ∆
∗(ya, yb, aδ
∗
xix j
yc)
= (
n∑
k=s+1
Γ
k
i ja
n∑
t=s+1
Γ
t
kbc +
n∑
k=s+1
Γ
k
i jb
n∑
t=s+1
Γ
t
akc)yt,
aδ∗xix j∆
∗(ya, yb, yc) =
s∑
k=1
Γ
k
abc
n∑
t=s+1
Γ
t
i jkyt,
where s + 1 ≤ i, j ≤ n, 1 ≤ a, b ≤ s < c ≤ n;
∆
∗(aδ∗xix jya, yb, yc) + ∆
∗(ya, aδ
∗
xix j
yb, yc) + ∆
∗(ya, yb, aδ
∗
xix j
yc)
= (−
s∑
k=1
Γ
k
i ja
s∑
t=1
Γ
t
kbc −
s∑
k=1
Γ
k
i jb
s∑
t=1
Γ
t
akc −
s∑
k=s+1
Γ
k
i jc
s∑
t=1
Γ
t
abk)yt,
aδ∗xix j∆
∗(ya, yb, yc) = −
s∑
k=1
Γ
k
abc
s∑
t=1
Γ
t
i jkyt,
where 1 ≤ a, b ≤ s < c ≤ n, 1 ≤ i ≤ s < j ≤ n,
or 1 ≤ j ≤ s < i ≤ n.
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By the above discussion and Eqs (48)-(51), we get
aδ∗xix j∆
∗(ya, yb, yc) = ∆
∗(aδ∗xix jya, yb, yc) + ∆
∗(ya, aδ
∗
xix j
yb, yc) + ∆
∗(ya, yb, aδ
∗
xix j
yc),
that is, aδ∗xix j ∈ Der(B2), for all 1 ≤ i, j ≤ n.
Apply Lemma 4.3, Lemma 4.4 and a similar discussion to the above, we get aψ∗xix j ∈ Der(B1),
for all 1 ≤ i, j ≤ n. The proof is complete. 
Theorem 4.6. Let (B1 ⊕ B2, [·, ·, ·]1) and (B1 ⊕ B2, [·, ·, ·]2) be 3-Lie algebras in Lemma 4.2 and
Lemma 4.3, respectively. Then the 5-tuple (B1⊕B2, [·, ·, ·]B1⊕B2 , (·, ·), B1, B2) is a 4n-dimensional
standard Manin triple of 3-Lie algebras, where for ∀u, v,w ∈ B1, α, β, ξ ∈ B2,
(52) [u + α, v + β,w + ξ]B1⊕B2 = [u + α, v + β,w + ξ]1 + [u + α, v + β,w + ξ]2,
and for ∀x ∈ B1, θ ∈ B2, (x, θ) = 〈x, θ〉.
Proof. By Lamma 4.5, aδ∗ and aψ∗ satisfy aδ∗(B1 ∧ B1) ⊆ DerB2 and aψ
∗(B2 ∧ B2) ⊆ DerB1,
respectively.
Next we only need to prove that identities (53), (54), (55) and (56) below hold, since (53) is
equivalent to (35), (54) is equivalent to (36), (55) is equivalent to (37), and (56) is equivalent
to (38) in the 3-algebra (B1 ⊕ B2, [·, ·, ·]B1⊕B2), respectively, where, ∀xa, xb, xc, yi, y j, ya, yb, yc, xi,
x j, x
∗
a, x
∗
b
, x∗c, y
∗
i , y
∗
j, y
∗
a, y
∗
b
, y∗c, x
∗
i , x
∗
j ∈ Π1 ∪ Π2,
(53)

µ(xa, xb, aψ
∗
yiy j
xc) = [aδ
∗
xaxb
yi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc),
µ(xa, xb, aψ
∗
yiy j
x∗c) = [aδ
∗
xaxb
yi, y j, x
∗
c]2 + [yi, aδ
∗
xaxb
y j, x
∗
c]2 + aψ
∗
yiy j
µ(xa, xb, x
∗
c),
µ(xa, xb, aψ
∗
y∗
i
y j
xc) = [aδ
∗
xa xb
y∗
i
, y j, xc]2 + [y
∗
i
, aδ∗xaxby j, xc]2 + aψ
∗
y∗
i
y j
µ(xa, xb, xc),
µ(x∗a, xb, aψ
∗
yiy j
xc) = [aδ
∗
xaxb
yi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc),
µ(x∗a, xb, aψ
∗
yiy j
x∗c) = [aδ
∗
xaxb
yi, y j, x
∗
c]2 + [yi, aδ
∗
xaxb
y j, x
∗
c]2 + aψ
∗
yiy j
µ(xa, xb, x
∗
c),
µ(x∗a, xb, aψ
∗
y∗
i
y j
xc) = [aδ
∗
xa xb
y∗
i
, y j, xc]2 + [y
∗
i
, aδ∗xaxby j, xc]2 + aψ
∗
y∗
i
y j
µ(xa, xb, xc),
(54)

∆
∗(ya, yb, aδ
∗
xix j
yc) = [aψ
∗
yayb
xi, x j, yc]1 + [xi, aψ
∗
yayb
x j, yc]1 + aδ
∗
xix j
∆
∗(ya, yb, yc),
∆
∗(ya, yb, aδ
∗
xix j
y∗c) = [aψ
∗
yayb
xi, x j, y
∗
c]1 + [xi, aψ
∗
yayb
x j, y
∗
c]1 + aδ
∗
xix j
∆
∗(ya, yb, y
∗
c),
∆
∗(ya, yb, aδ
∗
x∗
i
x j
yc) = [aψ
∗
yayb
x∗i , x j, yc]1 + [x
∗
i , aψ
∗
yayb
x j, yc]1 + aδ
∗
x∗
i
x j
∆
∗(ya, yb, yc),
∆
∗(y∗a, yb, aδ
∗
xix j
yc) = [aψ
∗
yayb
xi, x j, yc]1 + [xi, aψ
∗
yayb
x j, yc]1 + aδ
∗
xix j
∆
∗(ya, yb, yc),
∆
∗(y∗a, yb, aδ
∗
xix j
y∗c) = [aψ
∗
yayb
xi, x j, y
∗
c]1 + [xi, aψ
∗
yayb
x j, y
∗
c]1 + aδ
∗
xix j
∆
∗(yayb, y
∗
c),
∆
∗(y∗a, yb, aδ
∗
x∗
i
x j
yc) = [aψ
∗
yayb
x∗i , x j, yc]1 + [x
∗
i , aψ
∗
yayb
x j, yc]1 + aδ
∗
x∗
i
x j
∆
∗(ya, yb, yc),
(55)

µ(xa, xb, aψ
∗
yiy j
xc) = [aδ
∗
xaxb
yi, y j, xc]2 − [yi, aδ
∗
xcxa
y j, xb]2 − [yi, aδ
∗
xbxc
y j, xa]2,
µ(xa, xb, aψ
∗
yiy j
x∗c) = [aδ
∗
xaxb
yi, y j, x
∗
c]2 − [yi, aδ
∗
x∗c xa
y j, xb]2 − [yi, aδ
∗
xbx
∗
c
y j, xa]2,
µ(xa, xb, aψ
∗
y∗
i
y j
xc) = [aδ
∗
xaxb
y∗i , y j, xc]2 − [y
∗
i , aδ
∗
xcxa
y j, xb]2 − [y
∗
i , aδ
∗
xbxc
y j, xa]2,
µ(x∗a, xb, aψ
∗
yiy j
xc) = [aδ
∗
x∗axb
yi, y j, xc]2 − [yi, aδ
∗
xcx
∗
a
y j, xb]2 − [yi, aδ
∗
xbxc
y j, x
∗
a]2,
µ(x∗a, xb, aψ
∗
yiy j
x∗c) = [aδ
∗
x∗axb
yi, y j, x
∗
c]2 − [yi, aδ
∗
x∗c x
∗
a
y j, xb]2 − [yi, aδ
∗
xbx
∗
c
y j, x
∗
a]2,
µ(x∗a, xb, aψ
∗
y∗
i
y j
xc) = [aδ
∗
x∗axb
y∗i , y j, xc]2 − [y
∗
i , aδ
∗
xcx
∗
a
y j, xb]2 − [y
∗
i , aδ
∗
xbxc
y j, x
∗
a]2,
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(56)

∆
∗(ya, yb, aδ
∗
xix j
yc) = [aψ
∗
yayb
xi, x j, yc]1 − [xi, aψ
∗
ycya
x j, yb]1 − [xi, aψ
∗
ybyc
x j, ya]1,
∆
∗(ya, yb, aδ
∗
xix j
y∗c) = [aψ
∗
yayb
xi, x j, y
∗
c]1 − [xi, aψ
∗
y∗cya
x j, yb]1 − [xi, aψ
∗
yby
∗
c
x j, ya]1,
∆
∗(ya, yb, aδ
∗
x∗
i
x j
yc) = [aψ
∗
yayb
x∗i , x j, yc]1 − [x
∗
i , aψ
∗
ycya
x j, yb]1 − [x
∗
i , aψ
∗
ybyc
x j, ya]1,
∆
∗(y∗a, yb, aδ
∗
xix j
yc) = [aψ
∗
y∗a ,yb
xi, x j, yc]1 − [xi, aψ
∗
ycy
∗
a
x j, yb]1 − [xi, aψ
∗
ybyc
x j, y
∗
a]1,
∆
∗(y∗a, yb, aδ
∗
xix j
y∗c) = [aψ
∗
y∗ayb
xi, x j, y
∗
c]1 − [xi, aψ
∗
y∗cy
∗
a
x j, yb]1 − [xi, aψ
∗
yby
∗
c
x j, y
∗
a]1,
∆
∗(y∗a, yb, aδ
∗
x∗
i
x j
yc) = [aψ
∗
y∗ayb
x∗
i
, x j, yc]1 − [x
∗
i
, aψ∗
ycy
∗
a
x j, yb]1 − [x
∗
i
, aψ∗ybyc x j, y
∗
a]1.
First we discuss Eq (53). Thanks to (44) in Lemma 4.2, (45)-(47) in Lemma 4.3, and (14),
we obtain
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc) = 0, and
µ(xa, xb, aψ
∗
yiy j
xc) = 0, where 1 ≤ a, b, c ≤ s, 1 ≤ i, j ≤ s, or 1 ≤ i ≤ s < j ≤ n.
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc) = 0, and
µ(xa, xb, aψ
∗
yiy j
xc) = 0, where s + 1 ≤ a, b, c ≤ n, s + 1 ≤ i, j ≤ n, or 1 ≤ i ≤ s < j ≤ n.
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc)
= −
n∑
k=s+1
n∑
t=s+1
(ΓkabiΓ
t
k jc + Γ
k
ab jΓ
t
ikc)xt, and
µ(xa, xb, aψ
∗
yiy j
xc) = −
s∑
k=1
n∑
t=s+1
Γ
k
i jcΓ
t
abkxt, where 1 ≤ a, b, c ≤ s, s + 1 ≤ i, j ≤ n.
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc)
= −
s∑
k=1
s∑
t=1
(ΓkabiΓ
t
k jc + Γ
k
ab jΓ
t
ikc)xt, and
µ(xa, xb, aψ
∗
yiy j
xc) = −
n∑
k=s+1
s∑
t=1
Γ
k
i jcΓ
t
abkxt, where s + 1 ≤ a, b, c ≤ n, 1 ≤ i, j ≤ s + 1.
Thanks to Eqs (48) and (50), we get
s∑
k=1
n∑
t=s+1
Γ
k
i jcΓ
t
abkxt =
n∑
k=s+1
n∑
t=s+1
(ΓkabiΓ
t
k jc + Γ
k
ab jΓ
t
ikc)xt,
for 1 ≤ a, b, c ≤ s, s + 1 ≤ i, j ≤ n; and
n∑
k=s+1
s∑
t=1
Γ
k
i jcΓ
t
abkxt =
s∑
k=1
s∑
t=1
(Γkab jΓ
t
ikc + Γ
k
abcΓ
t
i jk)xt,
for s + 1 ≤ a, b, c ≤ n, 1 ≤ i, j ≤ s.
Therefore, for 1 ≤ a, b, c ≤ s, or s + 1 ≤ a, b, c ≤ n,
µ(xa, xb, aψ
∗
yiy j
xc) = [aδ
∗
xaxb
yi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc), 1 ≤ i, j ≤ n.
By a similar discussion to the above, we have
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc) = 0, and
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µ(xa, xb, aψ
∗
yiy j
xc) = 0,
where 1 ≤ a, b ≤ s < c ≤ n, 1 ≤ i, j ≤ s or 1 ≤ c ≤ s < a, b ≤ n, s + 1 ≤ i, j ≤ n.
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc)
= −
s∑
k=1
n∑
t=s+1
(ΓkabiΓ
t
k jc + Γ
k
ab jΓ
t
ikc + Γ
k
abcΓ
t
i jk)xt, and
µ(xa, xb, aψ
∗
yiy j
xc) = 0,
where 1 ≤ a, b ≤ s < c ≤ n, s + 1 ≤ i, j ≤ n.
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc)
= −
s∑
k=1
s∑
t=1
(Γkab jΓ
t
ikc + Γ
k
abcΓ
t
i jk)xt, and
µ(xa, xb, aψ
∗
yiy j
xc) = −
n∑
k=s+1
s∑
t=1
Γ
k
i jcΓ
t
abkxt,
where 1 ≤ a, b ≤ s < c ≤ n, 1 ≤ i ≤ s < j ≤ n.
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc) = −
s∑
k=1
s∑
t=1
(ΓkabiΓ
t
k jc + Γ
k
abcΓ
t
i jk)xt,
µ(xa, xb, aψ
∗
yiy j
xc) = −
n∑
k=s+1
s∑
t=1
Γ
k
i jcΓ
t
abkxt,
where 1 ≤ a, b ≤ s < c ≤ n, 1 ≤ j ≤ s < i ≤ n.
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc)
= −
n∑
k=s+1
s∑
t=1
(ΓkabiΓ
t
k jc + Γ
k
ab jΓ
t
ikc + Γ
k
abcΓ
t
i jk)xt, and
µ(xa, xb, aψ
∗
yiy j
xc) = 0, where 1 ≤ c ≤ s < a, b ≤ n, 1 ≤ i, j ≤ s.
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc)
= −
n∑
k=s+1
n∑
t=s+1
(ΓkabiΓ
t
k jc + Γ
k
abcΓ
t
i jk)xt, and
µ(xa, xb, aψ
∗
yiy j
xc) = −
s∑
k=1
n∑
t=s+1
Γ
k
i jcΓ
t
abkxt, where 1 ≤ c ≤ s < a, b ≤ n, 1 ≤ i ≤ s < j ≤ n.
[aδ∗xaxbyi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc)
= −
n∑
k=s+1
n∑
t=s+1
(Γkab jΓ
t
ikc + Γ
k
abcΓ
t
i jk)xt, and
µ(xa, xb, aψ
∗
yiy j
xc) = −
s∑
k=1
n∑
t=s+1
Γ
k
i jcΓ
t
abkxt,
where 1 ≤ c ≤ s < a, b ≤ n, 1 ≤ j ≤ s < i ≤ n.
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Thanks to (48) (in Lemma 4.4), for all 1 ≤ a, b ≤ s < c ≤ n, we have
n∑
k=s+1
s∑
t=1
(ΓkabiΓ
t
k jc + Γ
k
ab jΓ
t
ikc + Γ
k
abcΓ
t
i jk)xt = 0, s + 1 ≤ i, j ≤ n;
n∑
k=s+1
s∑
t=1
Γ
k
i jcΓ
t
abkxt =
s∑
k=1
s∑
t=1
(Γkab jΓ
t
ikc + Γ
k
abcΓ
t
i jk)xt, 1 ≤ i ≤ s < j ≤ n;
n∑
k=s+1
s∑
t=1
Γ
k
i jcΓ
t
abkxt =
s∑
k=1
s∑
t=1
(ΓkabiΓ
t
k jc + Γ
k
abcΓ
t
i jk)xt, , 1 ≤ j ≤ s < i ≤ n.
By (50) (in Lemma 4.4), for 1 ≤ c ≤ s < a, b ≤ n, we have
s∑
k=1
n∑
t=s+1
(ΓkabiΓ
t
k jc + Γ
k
ab jΓ
t
ikc + Γ
k
abcΓ
t
i jk)xt = 0, 1 ≤ i, j ≤ s;
s∑
k=1
n∑
t=s+1
Γ
k
i jcΓ
t
abkxt =
n∑
k=s+1
n∑
t=s+1
(ΓkabiΓ
t
k jc + Γ
k
abcΓ
t
i jk)xt, 1 ≤ i ≤ s < j ≤ n;
s∑
k=1
n∑
t=s+1
Γ
k
i jcΓ
t
abkxt =
n∑
k=s+1
n∑
t=s+1
(Γkab jΓ
t
ikc + Γ
k
abcΓ
t
i jk)xt, 1 ≤ j ≤ s < i ≤ n.
Therefore, for 1 ≤ i, j ≤ n, 1 ≤ a, b ≤ s < c ≤ n, or 1 ≤ c ≤ s < a, b ≤ n, we have
µ(xa, xb, aψ
∗
yiy j
xc) = [aδ
∗
xaxb
yi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc).
Summarizing the above discussion, we get that for 1 ≤ a, b, c ≤ n, 1 ≤ i, j ≤ n,
µ(xa, xb, aψ
∗
yiy j
xc) = [aδ
∗
xaxb
yi, y j, xc]2 + [yi, aδ
∗
xaxb
y j, xc]2 + aψ
∗
yiy j
µ(xa, xb, xc),
this is, the first identity in (53) holds. By a similar discussion to the above, we get (54)-(56).
Thanks to Theorem 4.1, (B1 ⊕ B2, [·, ·, ·]B1⊕B2 , (·, ·), B1, B2) is a standard Manin triple of 3-Lie
algebras. The proof is complete. 
Corollary 4.7. Let (B1 ⊕ B2, [·, ·, ·]1) and (B1 ⊕ B2, [·, ·, ·]2) be 3-Lie algebras in Lemma 4.2
and Lemma 4.3, respectively. Then ((B1 ⊕ B2, [·, ·, ·]1), (B1 ⊕ B2, [·, ·, ·]2), aδ
∗, aψ∗) is an 4n-
dimensional matched pair.
Proof. Apply Proposition 4.7 in [4] and Theorem 4.9. 
At last of the paper, we construct a sixteen dimensional Manin triple of 3-Lie algebras by an
involutive derivation.
Example 4.8. Let A be a 4-dimensional 3-Lie algebra with dim A1 = 2, and the multiplication
of A in the basis {x1, x2, x3, x4} be as follows
[x1, x3, x4] = x2, [x1, x3, x4] = x1.
Then the linear mapping D : A → A defined by D(xi) = xi for 1 ≤ i ≤ 3 and D(x4) = −x4 is an
involutive derivation of A, and satisfies x1, x2, x3 ∈ A1 and x4 ∈ A−1.
By Theorem 4.9, (B1 ⊕ B2, [·, ·, ·]B1⊕B2 , (·, ·), B1, B2) is a sixteen dimensional Manin triple of
3-Lie algebras in the basis {x1, · · · , x16}, where B1 = 〈x1, · · · , x8〉, B2 = 〈x9, · · · , x16〉, and the
multiplication [·, ·, ·]B1⊕B2 is defined as (52).
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For convenience, let B = B1 ⊕ B2, and [·, ·, ·]B the multiplication [·, ·, ·]B1⊕B2. Then the multi-
plication of the Manin triple of 3-Lie algebras in the basis {x1, · · · , x16} is as follows:
[x2, x3, x4]B = x1, [x1, x3, x4]B = x2, [x1, x4, x6]B = x7, [x2, x5, x3]B = x8,
[x2, x4, x5]B = x7, [x3, x5, x4]B = x6, [x3, x6, x4]B = x5, [x3, x4, x9]B = x10,
[x3, x1, x14]B = x16, [x3, x2, x13]B = x16, [x6, x3, x9]B = x16, [x3, x6, x12]B = x13,
[x4, x6, x9]B = x15, [x6, x4, x11]B = x13, [x2, x3, x12]B = x10, [x4, x1, x11]B = x10,
[x2, x3, x12]B = x9, [x4, x2, x11]B = x9, [x1, x14, x4]B = x15, [x2, x4, x13]B = x15,
[x4, x3, x13]B = x14, [x4, x3, x14]B = x13, [x1, x5, x11]B = x16, [x5, x2, x12]B = x15,
[x5, x3, x10]B = x16, [x3, x5, x12]B = x14, [x4, x5, x10]B = x15, [x5, x4, x11]B = x14,
[x1, x6, x11]B = x16, [x6, x1, x12]B = x15, [x9, x4, x11]B = x2, [x9, x12, x3]B = x2,
[x10, x4, x11]B = x1, [x10, x12, x3]B = x1, [x11, x1, x12]B = x2, [x11, x10, x12]B = x1,
[x10, x11, x5]B = x8, [x10, x5, x12]B = x7, [x11, x12, x5]B = x6, [x9, x11, x6]B = x8,
[x9, x6, x12]B = x7, [x11, x12, x6]B = x5, [x13, x10, x3]B = x8, [x13, x4, x10]B = x7,
[x13, x2, x11]B = x8, [x13, x11, x4]B = x6, [x13, x12, x2]B = x7, [x13, x3, x12]B = x6,
[x14, x9, x3]B = x8, [x14, x4, x9]B = x7, [x14, x1, x11]B = x8, [x14, x11, x4]B = x5,
[x14, x12, x1]B = x7, [x14, x3, x12]B = x5, [x10, x12, x11]B = x9, [x9, x12, x11]B = x10,
[x9, x11, x14]B = x16, [x9, x14, x12]B = x15, [x10, x11, x13]B = x16, [x10, x13, x12]B = x15,
[x1, x6, x3]B = x8, [x3, x4, x10]B = x9, [x11, x12, x13]B = x14, [x11, x14, x12]B = x13.
Theorem 4.9. The 16-dimensional 3-Lie algebra B in Example 4.8 is 2-solvable but non-
nilpotent, and B has the smallest ideal
I = 〈x1, x2, x7, x8, x9, x10, x15, x16〉,
which I is an abelian ideal, and dim B1 = 12.
Proof. From the multiplication,
I = 〈x1, x2, x7, x8, x9, x10, x15, x16〉
is the smallest ideal of B, and satisfies [I, I, B]B = 0. Therefore, I is an abelian ideal.
It is clear that B is a 16-dimensional 3-Lie algebra with dim B1 = 12, and
B1 = [B, B, B]B = 〈x1, x2, x5, x6, x7, x8, x9, x10, x13, x14, x15, x16〉.
Since for any positive integer r, Br = B1, B is non-nilpotent. From
B(2) = [B1, B1, B]B = I, B
(3)
= [B(2), B(2), B]B = [I, I, B]B = 0,
B is a 2-solvable 3-Lie algebra. 
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